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Abstract
In this note, an extremal doubly-even [40; 20; 8] code with covering radius 7 is given. This
code is the rst extremal doubly-even code whose covering radius does not meet the Delsarte
bound. Extremal singly-even codes with the smallest covering radius are also given. One of them
is an extremal singly-even [44; 22; 8] code with covering radius 7, which determines t[43; 22]=6
by puncturing. c© 2000 Elsevier Science B.V. All rights reserved.
1. Introduction
A binary linear [n; k] code C is a k-dimensional vector subspace of GF(2)n, where
GF(2) is the eld of 2 elements. In this note, we only consider binary linear codes.
An [n; k,d] code is an [n; k] code with minimum (non-zero) weight d. The dual code
C? of C is dened as C? = fx 2 GF(2)n j x  y = 0 for all y 2 Cg. Two codes are
equivalent if one can be obtained from the other by permuting the coordinates. An
automorphism of C is a permutation of the coordinates of C which preserves C. The
set of all automorphisms of C forms a group and the group is called the automorphism
group of C. If C=C?, C is self-dual. A self-dual code is doubly-even if all codewords
have weights all divisible by four, and singly-even if there is at least one codeword
of weight  2 (mod 4). A self-dual code is extremal if it has the largest minimum
weight for that length. The largerst minimum weight is given in [7] for length up to
72. The covering radius R(C) of a code C is the smallest integer R such that spheres
of radius R around codewords of C cover the space GF(2)n. For linear codes, the
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covering radius is the largest weight of all the coset leaders of the code. The covering
radius is a basic and important geometric parameter of a code.
A basic question concerning the covering radius is to nd a code with the smallest
covering radius. The smallest covering radius among all linear [n; k] codes is denoted
by t[n; k] (cf. [5,9]). Assmus and Pless [1] gave various bounds on the covering radius.
They also determined the covering radii of extremal doubly-even codes of length n632
and 48 and gave bounds on the covering radii of all other extremal doubly-even codes
of length up to 96.
In Section 2, an extremal doubly-even [40; 20; 8] code with covering radius 7 is
given. This code is the rst extremal doubly-even code whose covering radius does
not meet the Delsarte bound. Using the method in [14], the coset weight distribution of
the code is also computed. In Section 3, extremal singly-even codes with the smallest
covering radius are studied. One of them is an extremal singly-even [44; 22; 8] code
with covering radius 7, which determines t[43; 22] = 6 by puncturing.
We begin by listing known bounds on covering radius. The following proposition is
the well-known sphere-covering bound.
Proposition 1. If C is an [n; k] code thenX
06i6R(C)

n
i

>2n−k :
If C is an even code then half of its cosets have odd weights and half have even
weights. Thus we have the following:
Proposition 2 (Assmus and Pless [1]). If C is an even [n; k] code thenX
062i6R(C)

n
2i

>2n−k−1 and
X
162i+16R(C)

n
2i + 1

>2n−k−1:
Theorem 3 (Delsarte [8]). Let s be the number of distinct nonzero weights in the
dual code C? of a code C. Then R(C)6s.
This is called the Delsarte bound. For several classes of codes, the Delsarte bound
gives the exact value of the covering radius (cf. [1,5]).
2. An extremal doubly-even [40; 20; 8] code with covering radius 7
Assmus and Pless [1] showed that 66R(C40)68 where C40 is any extremal doubly-
even code of length 40 by Proposition 2 and Theorem 3. Moreover, recently the second
author [15] has showed that there is no extremal doubly-even [40; 20; 8] code with
covering radius 6. Thus R(C40)=7 or 8. An extremal doubly-even code with covering
radius 8 was constructed in [2] using the shadow code. Therefore there arises a natural
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question, namely, is there an extremal doubly-even code with covering radius 7? The
answer is yes, in this section we construct such a code.
A number of extremal doubly-even codes are known (cf., e.g. [4,10,11,13,17]). Let
D40 be a code with generator matrix [I; M40] where M40 is a 20 20 circulant matrix
with the rst row
(00011001001110111011)
and I is the identity matrix. D40 is an extremal doubly-even [40; 20; 8] code. Moreover,
we have veried by computer that its covering radius is 7 where its coset weight
distribution is listed in Appendix A. This was obtained by a method developed in [14]
to determine the coset weight distribution of an extremal doubly-even code of length 40.
This method can determine the coset weight distribution using only some calculations
on the 285 codewords of weight 8 in an extremal doubly-even code of length 40. It is
not easy to obtain the coset weight distribution by a direct calculation for this length.
The automorphism group of D40 is a group of order 44236800(=216 33 52) where the
generators of the group are given in Appendix B. This code has one more interesting
feature which other known extremal doubly-even [40; 20; 8] codes do not share. Namely
the code D40 has 6 cosets of weight 6 with 80 coset leaders. The number 80 can be
proved to be maximal in the sence that a coset of weight 6 has at most 80 coset
leaders in it. In each of these 6 cosets, these coset leaders form a 1-(40; 6; 12) design.
In Appendix C we give one instance of such cosets.
All extremal doubly-even codes have been classied for length up to 32 (cf. [6]).
The covering radii of all the codes meet the Delsarte bound. The extremal doubly-even
codes given in [1] have also covering radius meeting the Delsarte bound. Therefore
we have the following proposition.
Proposition 4. There exists an extremal doubly-even code whose covering radius dose
not meet the Delsarte bound. The smallest length for which there exists an extremal
doubly-even code whose covering radius dose not meet the Delsarte bound is 40.
We have obtained the covering radii of many other extremal doubly-even codes.
However, we did not nd another extremal doubly-even [40; 20; 8] code with covering
radius 7.
Question 1. Is the code D40 a unique extremal doubly-even [40; 20; 8] code with
covering radius 7?
3. Extremal singly-even codes with smallest covering radius
In this section, we investigate smallest covering radii of extremal singly-even codes
of length 346n646. Note that all extremal signly-even codes of length up to 32 are
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known (cf. [7]). We also determine the smallest covering raidus t[43; 22] of linear
[43; 22] codes. Let Rn be the smallest covering radius among all extremal singly-even
codes of length n. By Proposition 2,
Rn>
(
6 if n= 34; 36; 38 and 40;
7 if n= 42 and 44:
3.1. Length 44 and determination of t[43; 22]
Let C44 be an extremal singly-even [44; 22; 8] code with the generator matrix [I; M44]
where M44 is a 22 22 circulant matrix with the rst row
(0101011101111101111111):
We have examined that this code has the covering radius 7. Therefore the smallest
covering radius of length 44 is just 7.
Now let us consider a linear [43; 22] code obtained from C44 by puncturing. A code
obtained by removing a coordinate of C is called punctured code of C. The following
proposition determines the covering radius of a punctured code.
Proposition 5 (Assmus and Pless [1]). If C is an even code with the covering radius
R(C) then a punctured code of C has the covering radius R(C)− 1.
It is easy to see that a punctured code of a self-dual code of length n is a linear
[n − 1; n=2] code. By Proposition 5, a linear [43; 22] code with the covering radius 6
can be constructed from C44.
A table of bounds for t[n; k] with n664 was presented in [9]. Recently, many im-
proved bounds have been obtained (cf., e.g. [16] and the references given
therein). It follows from the table that t[43; 22] = 6 or 7. Therefore we have the
following:
Proposition 6. t[43; 22] = 6.
Another important function concerning the covering radius is the length function
l(m; r) introduced in [3]. l(m; r) is the smallest length of any linear code with co-
dimension m and covering radius r. t[n; k] and l(m; r) are closely related. The currently
known bounds on l(m; k) is given in Table 2 in [12]. The table gives 376l(21; 6)644.
Thus Proposition 6 gives the following improvement.
Corollary 7. 376l(21; 6)643.
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3.2. Lengths 34,42 and 46
Let C34 be an extremal singly-even [34; 17; 6] code with the generator matrix [I; M34]:
M34 =
0
BBBBBBBBBBBBBBBBBBBBBBBBBBBBBB@
00111000100011111
10011111001001001
00100001001111111
00101010101110011
01010000101110100
11101001110111010
11100000011110000
00010110001010110
11101100010110111
11001001001101101
00011011000110100
00011100110101110
10110101001100101
10000110110111100
01001110011011111
01110010000111011
00110001110110000
1
CCCCCCCCCCCCCCCCCCCCCCCCCCCCCCA
:
Then C34 has covering radius 6. An extremal singly-even code of length 42 was con-
structed by Yorgov and Ruseva [18]. Our computer search shows that this code has
covering radius 7. Hence the smallest covering radii of lengths 34 and 42 are 6 and 7,
respectively. It is known that t[33; 17]=5 and t[41; 21]=6. The above two codes give
an alternative construction of codes with t[33; 17] = 5 and t[41; 21] = 6 by puncturing.
Conway and Sloane [7] introduced shadow codes of self-dual codes. Shadow codes
give much information, for example, shadow codes were used to determine the largest
possible minimum weights of self-dual codes. The minimum weight of the shadow code
of an extremal singly-even [46; 23; 10] code is 11 (cf. [7]). Since the shadow code of
a self-dual code is a special coset of the code, R>11. Let us consdier a [46; 23; 10]
code with the generator matrix [I; M46] where M46 is 2323 circulant matrix with rst
row
(00000000100111100110101):
The code is an extremal singly-even code of length 46 and has covering radius 11.
Therefore the smallest covering radius is just 11.
3.3. Other lengths
We have found extremal singly-even codes of lengths 36; 38 and 40 with covering
radius R=7. However, it is not known if there are extremal codes with R=6 for these
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Table 1
Covering radii of extremal singly-even codes
Length n Rn Length n Rn
34 6 42 7
36 6 or 7 44 7
38 6 or 7 46 11
40 6 or 7
lengths. Thus we do not give generator matrices of the codes for these lengths except
40. The generator matrix of the above singly-even code of length 40 is the matrix
[I; M40 + J ] where J is the all-one matrix and M40 is given in Section 2.
We summarize in Table 1 the smallest covering radius Rn among all extremal
singly-even codes of length n where 346n646.
Question 2. Determine if there exists an extremal singly-even codes with covering
radius 6 for lengths 36; 38 and 40.
Appendix A. The coset weight distribution of D40
i 0 1 2 3 4 5 6 7 8 9 10 11 12 Number
Coset of
weight cosets
0 1 285 21 280 1
1 1 57 228 6384 40
2 1 1 112 2028 9 056 400
2 1 19 76 1938 9 272 320
2 1 25 64 1908 9 344 60
3 1 0 21 619 4125 6 400
3 1 1 24 600 4124 1 200
3 1 6 39 505 4119 1 280
3 1 7 42 486 4118 960
3 1 9 48 448 4116 40
4 1 0 168 1600 10 620 25 600
4 1 2 164 1590 10 644 9 600
4 1 6 156 1570 10 692 25 600
4 1 8 152 1560 10 716 19 200
4 2 0 176 1536 10 680 450
4 2 8 160 1496 10 776 400
4 2 20 136 1436 10 920 960
4 2 26 124 1406 10 992 320
4 3 18 148 1382 10 956 1 920
4 4 12 168 1348 10 944 160
4 4 16 160 1328 10 992 180
4 10 0 240 1024 11 160 1
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i 0 1 2 3 4 5 6 7 8 9 10 11 12 Number
Coset of
weight cosets
5 1 35 525 4415 3 96 800
5 2 38 506 4414 33 600
5 3 41 487 4413 44 800
5 4 44 468 4412 6 800
5 8 56 392 4408 240
5 9 59 373 4407 1 280
5 12 68 316 4404 240
5 16 80 240 4400 8
6 4 152 1644 10 608 14 400
6 6 148 1634 10 632 1 53 600
6 8 144 1624 10 656 2 08 000
6 10 140 1614 10 680 28 800
6 12 136 1604 10 704 4 800
6 14 132 1594 10 728 25 600
6 16 128 1584 10 752 1 350
6 24 112 1544 10 848 2 400
6 44 72 1444 11 088 160
6 80 0 1264 11 520 6
7 32 544 4416 30 600
8 160 1664 10 560 0
i 13 14 15 16 17 18 19 20 Number
Coset of
weight cosets
0 2 39 970 5 25 504 1
1 14 896 95 988 1 43 982 2 62 752 40
2 47 148 1 18 416 2 12 966 2 69 120 400
2 47 310 1 17 876 2 12 876 2 69 840 320
2 47 364 1 17 696 2 12 846 2 70 080 60
3 23 247 77 073 1 68 111 2 51 091 6 400
3 23 324 77 032 1 67 976 2 51 206 1 200
3 23 709 76 827 1 67 301 2 51 781 1 280
3 23 786 76 786 1 67 166 2 51 896 960
3 23 940 76 704 1 66 896 2 52 126 40
4 44 352 1 19 832 2 16 192 2 63 046 25 600
4 44 370 1 19 772 2 16 182 2 63 126 9 600
4 44 406 1 19 652 2 16 162 2 63 286 25 600
4 44 424 1 19 592 2 16 152 2 63 366 19 200
4 44 544 1 19 504 2 16 064 2 63 564 450
4 44 616 1 19 264 2 16 024 2 63 884 400
4 44 724 1 18 904 2 15 964 2 64 364 960
4 44 778 1 18 724 2 15 934 2 64 604 320
4 44 898 1 18 636 2 15 846 2 64 802 1 920
4 45 036 1 18 488 2 15 748 2 65 080 160
4 45 072 1 18 368 2 15 728 2 65 240 180
4 46 080 1 16 880 2 15 040 2 67 708 1
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i 13 14 15 16 17 18 19 20 Number
Coset of
weight cosets
5 22 925 76 727 1 69 305 2 50 355 3 96 800
5 23 002 76 686 1 69 170 2 50 470 33 600
5 23 079 76 645 1 69 035 2 50 585 44 800
5 23 156 76 604 1 68 900 2 50 700 6 800
5 23 464 76 440 1 68 360 2 51 160 240
5 23 541 76 399 1 68 225 2 51 275 1 280
5 23 772 76 276 1 67 820 2 51 620 240
5 24 080 76 112 1 67 280 2 52 080 8
6 44 196 1 20 040 2 16 300 2 62 688 14 400
6 44 214 1 19 980 2 16 290 2 62 768 1 53 600
6 44 232 1 19 920 2 16 280 2 62 848 2 08 000
6 44 250 1 19 860 2 16 270 2 62 928 28 800
6 44 268 1 19 800 2 16 260 2 63 008 4 800
6 44 286 1 19 740 2 16 250 2 63 088 25 600
6 44 304 1 19 680 2 16 240 2 63 168 1 350
6 44 376 1 19 440 2 16 200 2 63 488 2 400
6 44 556 1 18 840 2 16 100 2 64 288 160
6 44 880 1 17 760 2 15 920 2 65 728 6
7 22 848 76 768 1 69 440 2 50 240 30 600
8 44 160 1 20 160 2 16 320 2 62 528 0
Appendix B. The automorphism group of D40
The automorphism group of D40 is a group of order 44236800(=216  33  52) and
generated by the following elements:
1 = (6; 34; 22)(8; 30; 10)(12; 26; 36)(14; 38; 28)(16; 24; 18)(20; 32; 40);
2 = (5; 29)(6; 16)(7; 21)(8; 32)(9; 33)(10; 20)(15; 39)(17; 31)(18; 22)(19; 23);
(24; 34)(30; 40);
3 = (5; 17; 19)(6; 22; 34)(7; 9; 29)(8; 24; 40)(10; 16; 32)(12; 26; 36)(13; 37; 27);
(15; 31; 33)(18; 20; 30); (21; 23; 39);
4 = (5; 39)(6; 32; 34; 40; 22; 20)(7; 17)(8; 24; 30; 18; 10; 16)(9; 23)(12; 36; 26);
(14; 28; 38)(15; 29)(19; 33); (21; 31);
5 = (4; 24; 32)(5; 19; 17)(6; 40; 16)(7; 29; 9)(8; 28; 34)(10; 22; 14)(13; 27; 37);
(15; 33; 31)(18; 38; 20)(21; 39; 23);
6 = (4; 22; 34)(8; 20; 28)(10; 14; 18)(12; 26; 36)(16; 40; 30)(24; 38; 32);
7 = (4; 38; 14)(6; 20; 8)(10; 32; 16)(12; 26; 36)(18; 40; 34)(22; 30; 24);
8 = (4; 24; 18)(6; 40; 30)(8; 38; 34)(10; 32; 28)(12; 36; 26)(14; 20; 22);
9 = (3; 29; 31)(4; 22; 28; 18; 38; 8)(5; 17; 27)(6; 24; 40; 20; 16; 10)(7; 13; 39);
(9; 33; 19)(12; 26; 36)(14; 32)(15; 21; 37)(30; 34);
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10 = (1; 6)(2; 5; 4; 13; 36; 39; 14; 3)(7; 32; 19; 10; 21; 22; 9; 24);
(8; 23; 20; 31; 18; 33; 34; 17)(11; 16)(12; 15; 28; 37; 26; 29; 38; 27)
(25; 30)(35; 40);
11 = (1; 3; 9; 35; 27; 33)(4; 28)(5; 29; 39)(7; 17; 21)(8; 22)(10; 24);
(11; 37; 23; 25; 13; 19)(14; 38)(18; 32)(20; 34);
12 = (1; 11)(4; 22)(5; 17)(7; 39)(8; 38)(9; 23)(12; 36)(13; 27)(14; 18)(15; 31);
(20; 24)(21; 29)(28; 32)(30; 40);
13 = (2; 4)(5; 21)(7; 29)(8; 32)(10; 20)(11; 25)(12; 28)(13; 37)(14; 26)(15; 31);
(17; 39)(19; 23)(30; 40)(36; 38);
14 = (4; 8; 14; 32)(5; 17; 39; 7)(9; 33; 23; 19)(10; 24; 34; 20)(12; 36)(13; 27);
(15; 31; 29; 21)(18; 38; 22; 28)(25; 35)(30; 40);
15 = (3; 9)(5; 31)(7; 29)(13; 19)(15; 21)(17; 39)(23; 37)(27; 33);
16 = (2; 4; 8)(3; 31; 39)(5; 37; 21)(7; 29; 13)(9; 33; 23)(12; 38; 18)(14; 32; 26);
(15; 27; 17)(20; 34; 24)(22; 36; 28);
17 = (3; 13)(4; 28)(5; 15)(8; 22)(9; 23)(10; 24)(14; 38)(18; 32)(19; 33)(20; 34);
(27; 37)(29; 39);
18 = (3; 37)(4; 14)(5; 15)(7; 21)(8; 32)(10; 34)(13; 27)(17; 31)(18; 22)(20; 24);
(28; 38)(29; 39);
19 = (4; 38)(5; 15)(7; 31)(8; 18)(9; 19)(10; 20)(14; 28)(17; 21)(22; 32)(23; 33);
(24; 34)(29; 39);
20 = (4; 28)(5; 29)(7; 21)(8; 22)(9; 33)(10; 24)(14; 38)(15; 39)(17; 31)(18; 32);
(19; 23)(20; 34);
21 = (2; 4)(6; 34)(10; 30)(12; 14)(16; 24)(20; 40)(26; 28)(36; 38);
22 = (4; 28)(6; 16)(8; 18)(10; 34)(14; 38)(20; 24)(22; 32)(30; 40);
23 = (2; 4; 22)(8; 12; 14)(10; 24; 20)(16; 30; 40)(18; 36; 38)(26; 28; 32);
24 = (2; 4)(8; 10)(12; 28)(14; 36)(18; 24)(20; 32)(22; 34)(26; 38);
25 = (2; 34)(4; 22)(8; 38)(10; 26)(12; 24)(14; 32)(18; 28)(20; 36);
26 = (2; 36)(4; 14)(8; 18)(10; 24)(12; 26)(20; 34)(22; 32)(28; 38);
27 = (2; 26)(4; 38)(8; 22)(10; 34)(12; 36)(14; 28)(18; 32)(20; 24):
Appendix C. One of 6 cosets of weight 6 with 80 coset leaders
Here we list one of the six cosets of weight 6 with 80 coset leaders described in
Section 2. In order to save space, the coset have been written in octal using 0=(000);
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1 = (001); : : : ; 6 = (110) and 7 = (111), where a = (0) and b = (1), and a set of ve
coset leaders is written in each row, e.g. 5042401000000a means
1010001000101000000010000000000000000000
5042401000000a; 5010000010120a; 52000 00042004a; 4040020002021a; 4050000240400a;
4002020010404a; 4000404200024a; 4000500050001a; 4000025040100a; 4012104002000a;
4202000200101a; 4200101000420a; 1040100012400a; 1050024000004a; 1002004250000a;
1002100000025a; 1000420040420a; 1000001200504a; 1010400202001a; 1200504000100a;
1200021010001a; 0042004000520a; 0040420210100a; 0040001050024a; 0040105200001a;
0002001042401a; 0000521002004a; 0012400040104a; 0012021200020a; 0010405010400a;
0242120040000a; 0240400000405a; 0250001002100a; 0202400012020a; 0000002520210a;
0000004012105a; 0000040404202b; 0000100242120a; 0000212000242a; 0001000104052a;
0001042020040b; 0001210424000a; 0004012401000b; 0004240005040a; 0010120000501a;
0020000101240b; 0021040401010a; 0024010020050a; 0024200500002a; 0100050500040a;
0100202104000b; 0100240020012a; 0101010000210b; 0105000121000a; 0120010005002a;
0124042000200a; 0200024202400a; 0210004040021a; 0210100210004a; 0400000025010b;
0400042101002a; 0404010104200a; 0405202000010a; 0420002404040a; 0420250000000b;
0421000020202a; 0500200401200a; 0504000000042b; 2000050021200a; 2001200001002b;
2004002024002a; 2004040100010b; 2005000400240a; 2020200004210a; 2021012100000a;
2100002001050a; 2120000420000b; 2400010400012a; 2400200120040a; 2501040004000a:
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